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Abstract
The top-quark Yukawa coupling is too large to permit radiative electroweak symmetry breaking to occur for
small values of y, the Higgs self-coupling, to leading-logarithm order. However, a large y solution leading to a
viable Higgs mass of approximately 220GeV does exist, and differs from conventional symmetry breaking by an
approximately five-fold enhancement of the Higgs self-coupling. This scenario for radiative symmetry breaking is
reviewed, and the order-by-order perturbative stability of this scenario is studied within the scalar field theory
projection of the standard model in which the Higgs self-coupling y represents the dominant standard-model
coupling.
Conventional electroweak (EW) symmetry breaking requires the presence of a Higgs scalar-field quadratic term in
the Lagrangian. Such a mass term is unnatural if SU(2)×U(1) EW gauge theory is embedded within a grand-unified
theory (GUT), since fine-tuning is needed to cancel the unification-scale perturbative corrections generated by this
mass term [1] to maintain a Higgs mass empirically bounded not too far from the EW vacuum expectation value
(VEV) scale 〈φ〉 = v = 246.2GeV [2]. This fine-tuning problem can be circumvented if the embedding unified theory
has a symmetry (e.g. conformal symmetry) which protects these quadratic terms from GUT-scale corrections.
Radiative EW symmetry breaking provides such a scenario. Quadratic scalar mass terms are absent, and in the
seminal work of Coleman & Weinberg, it is demonstrated that spontaneous symmetry breaking (i.e. the generation
of a VEV) occurs via radiative (perturbative) corrections to the conformally-invariant theory [3].
Unlike conventional symmetry breaking where the Higgs mass is an unconstrained parameter, the radiative
symmetry breaking mechanism is a self-consistent approach which results in a prediction of both the Higgs mass
and its four-point self-coupling after imposition of the external EW scale for the VEV 〈φ〉 = v = 246.2GeV . In
the absence of large Yukawa couplings (i.e. Yukawa couplings are dominated by EW gauge couplings), a justifiable
assumption at the time of Coleman & Weinberg’s work, the radiative symmetry breaking scenario contains a small-λ
solution leading to an O(10GeV) Higgs mass [3], long since ruled out via direct experimental searches. However,
the top quark Yukawa coupling is large enough to destabilize this small-λ solution. The Coleman-Weinberg radiative
mechanism has thus been revisited in the context of the large top-quark Yukawa coupling, revealing the persistence
of a large-λ radiative scenario resulting in a 218GeV Higgs mass for the minimal (single-Higgs-doublet) standard
model [4, 5].
Consider the one-loop effective potential Veff = pi
2φ4S for the Higgs sector, which must satisfy the renormalization
group (RG) equation
0 = µ
dVeff
dµ
=

(−2− 2γ) ∂
∂L
+ βy
∂
∂y
+
∑
k={x,z,r,s}
βk
∂
∂k
− 4γ

S = 0 , (1)
where L = log
(
φ2/µ2
)
, x = g2t /4pi
2 represents the dominant Yukawa coupling, {z = g23/4pi2, r = g22/4pi2, s = g′2/4pi2}
respectively represent the {SU(3), SU(2), U(1)} standard model gauge couplings, and the quantity y = λ/4pi2 is
referenced to the tree-level potential V = λφ4/4. Given the expressions [1, 6] for the RG functions βk and γ, the
one-loop solution to (1) is
V 1Leff (φ) = pi
2φ4 [y +ΩL] + pi2φ4K , Ω = 3y2 − 3
4
x2 +
9r2 + 6rs+ 3s2
64
, (2)
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where K (combined with the φ4 factor) represents a logarithm-independent counter-term. Choosing the renormal-
ization scale µ = v, requiring V ′eff (v) = 0 so that the effective potential has a minimum at φ = v , and imposing
the renormalization condition V
(4)
eff (v) = V
(4)
tree(v) = 24pi
2y [3] results in a constraint equation among the various
couplings:
y =
11
3
[
3y2 +
3
64
(
s2 + 2rs+ 3r2
)− 3
4
x2
]
. (3)
Given the physical values of the couplings {z(v) = 0.0329, r(v) = 0.0109, s(v) = 0.00324} at the EW scale v, it is easy
to see that only the top-quark Yukawa coupling x = xt ≈ 1/4pi2 ≈ 0.025 can have an impact within (3); the bottom
quark with xb ≈ 2×10−5 is dominated by the gauge couplings. If the two solutions of (3) are examined as a function of
x, the small-y solution becomes negative (and hence non-physical) for x > 14
√
s2 + 2rs+ 3r2 ≈ 0.005≪ xt, indicating
that the top-quark Yukawa coupling destabilizes the small Higgs self-coupling solution y ≈ 1164
(
s2 + 2rs+ 3r2
)
.
However, (3) admits a y ≈ 1/11 solution in the presence of top-quark effects, corresponding to a large Higgs self-
coupling.
In the large Higgs self-coupling scenario, y is sufficiently large that higher-order terms in the leading-logarithm
expansion of the effective potential can become important. In particular, the renormalization conditions chosen
require terms up to order L4:
Veff ≡ pi2φ4S = pi2φ4
(
A+BL+ CL2 +DL3 + EL4 + . . .
)
, (4)
where A = y +K and
V ′eff (v) = 0 =⇒ K = −B/2− y ; (5)
V
(4)
eff (v) = V
(4)
tree(v) =⇒ y =
11
3
B +
35
3
C + 20D + 16E . (6)
Through the RG equation, the dependence of the coefficients {B,C,D,E} on the couplings of the theory can be
calculated to any given order. Solution of (6) then yields the Higgs mass via the expression
m2H = V
′′
eff (v) = 8pi
2v2 (B + C) . (7)
Carrying out this procedure in the absence of the EW coupling effects (but with inclusion of the strong coupling z),
at leading-logarithm (LL) order results in y = 0.0538 and a viable Higgs mass ofmH = 216GeV [4]. Inclusion of EW
corrections has marginal impact on this scenario, resulting in y = 0.0545 and mH = 218GeV [5]. The value of y is
enhanced compared with the conventional symmetry breaking scenario which results in y = m2H/8pi
2v2 = 0.0097 for
a 216GeV Higgs. Thus the signal of this radiative symmetry breaking scenario is an order-220GeV Higgs with an
enhanced Higgs self-coupling. However, with a large Higgs-self coupling y, the perturbative stability of this scenario
is not guaranteed.
Eq. (1) would appear to eliminate all renormalization scale (µ) dependence from Veff . However, a solution of
(1) in the form of a truncated perturbation series will have a small amount of residual µ dependence. An estimate
of the order-of-magnitude effect of higher-order perturbative corrections can often be obtained through this residual
renormalization scale dependence, since such residual scale dependence is proportional to the next order corrections
and must therefore scale with the coupling of the theory. Varying the renormalization scale in the range v/2 ≤ µ ≤ 2v
in the LL benchmark SM case (including the strong coupling z and top-quark Yukawa coupling x) alters Veff as
shown in Figure 1. Numerical determination of V ′′eff at the (shifted) minimum of the effective potentials shown in
Figure 1 shifts the Higgs mass prediction by approximately 10GeV [5].
A more detailed study of the impact of higher-loop effects in y can be obtained from the scalar field theory
projection (SFTP) of the standard model (i.e. all gauge and Yukawa couplings set to zero). The SFTP captures the
essence of the above LL analyses since it leads to a solution y = 0.0541 and mH = 221GeV very similar to the above
scenarios. In other words, the essential physics is captured by the numerical effects of the Higgs self-coupling. One
should note that this does not imply that the underlying theory under examination is purely φ4 scalar field theory;
the SFTP differs by the existence of the underlying EW scale v = 246.2GeV and scalar-gauge boson interactions.
The advantage of studying the SFTP is that the RG functions are known to five-loop order via the MS results for
an O(4)-symmetric massless scalar field theory [7]:
βy = 6y
2 − 39
2
y3 +
10332
55
y4 − 2698.27y5 + 47974.7y6, γ = 3
8
y2 − 9
16
y3 +
585
128
y4 − 49.8345y5 . (8)
We consider these RG functions to be compatible with the renormalization conditions of Eqs. (5) and (6). For
y = 0.0541, the perturbative series for these RG functions show a slow monotonic decrease indicative of perturbative
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Figure 1: The residual renormalization-scale dependence of the effective potential. The couplants and φ(µ) have
been RG-evolved from their values at µ = v as given in the text. The horizontal axis is φ(v)/v, and the vertical axis is
the corresponding LL value of Veff/v
4 for each curve’s choice of µ. The top, middle and bottom curves respectively
correspond to µ = v/2 (mH = 208GeV), µ = v (mH = 216GeV), and µ = 2v (mH = 217GeV).
stability: βy = 10
−3 [17.6,−3.09, 1.61,−1.25, 1.20] and
γ = 10−3 [1.10,−0.089, 0.039,−0.023].
The analysis of higher-loop effects in the SFTP occurs through an iterative approach [8]. Consider
Veff = pi
2φ4S, S = y + y
∞∑
n=1
n∑
m=0
Tn,m y
nLm , (9)
where K is a logarithm-independent counter-term
K = y
∞∑
n=1
ynTn,0 , y ≡ y(v) . (10)
At LL order, the RG equation (1) [up to O (y3) violations corresponding to the next-order term in βy] gives the LL
expansion
SLL = y + y
∞∑
n=1
(yL)
n
Tn,n +K =
y
1− 3yL +K ; (Tn,n = 3
n) , (11)
resulting in
B = 3y2, C = 9y3, D = 27y4, E = 81y5 . (12)
Eq. (11) is an exact solution of the RG equation (1) provided βy is truncated after its lead 6y
2 term, and provided γ
is assigned its corresponding one-loop value of zero [the leading 3y2/8 term is two-loop]. The series values (12) lead
via (6), (7) and (5) to the benchmark LL values y = 0.0541, K = −0.05853 and mH = 221GeV noted earlier.
At next-to-leading logarithm (NLL) order, the effective potential is expressed as
SNLL =
y
1− 3yL + y
2
∞∑
n=1
(yL)
n−1
Tn,n−1 +
[
K − y2T1,0
]
(13)
where the last term corrects for the inclusion of T1,0 in the summation. The RG equation (1) [up to O
(
y4
)
violations
corresponding to the second subsequent order in βy and first subsequent order in γ] can be used to obtain the
3
following NLL order results for the summation in Eq. (13):
B = 3y2 +
(
6T1,0 − 21
2
)
y3 , C = 9y3 +
(
27T1,0 − 621
8
)
y4 (14)
D = 27y4 +
(
108T1,0 − 801
2
)
y5 , E = 81y5 +
(
405T1,0 − 28323
16
)
y6 . (15)
Eq. (5) can then be used to express T1,0 in terms of y and K
T1,0 =
−4K − 6y2 + 21y3 − 4y
12y3
, (16)
permitting sequential determination y = 0.0538 via (6), T1,0 = 2.552 via (16) and mH = 227GeV via (7). Note
that the 6GeV shift in the Higgs mass is comparable to the O (10GeV) residual renormalization scale uncertainty
associated with Figure 1.
Extension to NpLL order follows the pattern outlined above: the RG equation determines the coefficients
{B,C,D,E}, Tn,0 is eliminated using (5), and the numerical value of y is found from the constraint (6) thereby
establishing the numerical predictions for Tn,0 and mH . The results of this process are shown in Table 1 up to the
highest-logarithm order permitted by the RG functions (8), and demonstrate remarkable perturbative stability of
the Higgs mass and self-coupling [8]. The coefficients Tn,0 estimated through this iterative scheme have power-law
growth characteristic of a perturbative series, providing support for the validity of the iterative approach.
n y (v) mH Tn,0
0 0.05414 221.2 1
1 0.05381 227.0 2.5521
2 0.05392 224.8 −8.1770
3 0.05385 226.2 83.211
4 0.05391 225.0 −1141.8
Table 1: Perturbative stability of results inclusive of NnLL contributions from the dominant couplant y (v) =
λ (v) /4pi2 to the SFTP of the SM effective potential. The quantity mH denotes the VEV-referenced running Higgs
boson mass in GeV units (v = 246.2GeV ).
Further perturbative effects have also been considered [8]. The various NpLL order results of Table 1 can also be
augmented by the LL Yukawa and gauge coupling contributions, resulting in only a marginal shift in the resulting
Higgs mass. Also, the Higgs mass is determined by the full inverse propagator Γ
(
p2, µ = v
)
, which has the simple
form
Γ
(
p2, v
)
=
[
1−
(
3
4
x(v)− 9
16
r(v) − 3
16
s(v)
)
log
(
p2
v2
)]
p2 − V ′′eff (v) (17)
because of the absence of a primitive φ2 term in the Lagrangian [9]. The corrections from the kinetic term in (17),
which follow from a lowest-order RG argument for a massless boson [10], shift the Higgs mass determined by V ′′eff (v)
by less than 1GeV.
Thus we conclude that evidence exists for a perturbatively stable radiatively-generated Higgs mass on the order
of 220–230GeV, characterized by an approximately five-fold enhancement of the Higgs self-coupling compared with
conventional symmetry breaking. Such an enhanced Higgs self-coupling should be evident via enhancement of specific
Higgs processes in the next generation of collider experiments.
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